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The helicity of a Dirac neutrino with massm evolves under the influence of aB-field because it has a magnetic
dipole moment proportional to m. Moreover, it was recently shown that a polarized or anisotropic medium
engenders the same effect for both Dirac and Majorana neutrinos. Because a B-field polarizes a background
medium, it instigates helicity oscillations even for Majorana neutrinos unless the medium is symmetric between
matter and antimatter. Motivated by these observations, we review the impact of a B-field and of an anisotropic
or polarized medium on helicity oscillations for Dirac and Majorana neutrinos from the common perspective of
in-medium dispersion.
PACS numbers: 14.60.Pq, 13.15.+g, 97.60.Bw
I. INTRODUCTION
The left-handed nature of weak interactions implies that as-
trophysical neutrino ensembles emerge far from helicity equi-
librium, notably in the early universe and the interior of col-
lapsing stars or merging neutron stars. On the other hand, the
“wrong-helicity” components are not completely sterile be-
cause neutrinos have small masses. Moreover, there could be
new interactions which could accelerate the relaxation toward
left-right equilibrium, although we will here focus on the im-
pact of neutrino masses alone. In the latter case, the rate to-
wards helicity equilibrium is of order (m/2E)2 times an ordi-
nary weak rate, whereE is a typical neutrino energy. This rate
tends to be far too small to be of practical interest. However,
the helicity conversion rate can be coherently enhanced in the
form of helicity oscillations.
It has long been known that nonzero neutrino masses imply
magnetic and electric dipole and transition moments [1–7],
allowing B-fields to instigate spin and spin-flavor oscillations
[8–11]. Only Dirac neutrinos have intrinsic magnetic dipole
moments, whereas both Dirac and Majorana neutrinos have
magnetic and electric transition moments originating from the
mismatch between mass and interaction eigenstates.
It was only recently fully appreciated that analogous effects
arise for both Dirac and Majorana neutrinos if the background
medium is anisotropic either in the form of a convective cur-
rent (background vector current) or polarized (background ax-
ial vector current) [12–18]. The origin of this effect is the mis-
match between chirality and helicity for neutrinos with small
masses in analogy to the origin of the traditional dipole mo-
ment. A medium polarization normally originates from a B-
field which therefore can flip the spin both by the intrinsic
dipole moment and indirectly by polarizing the medium. The
interaction energy of both effects must be of order eBGFm,
so it is not obvious which is more important.
One way to look at this phenomenon is the perspective that
in a medium both a Dirac and a Majorana neutrino acquires
an effective magnetic moment: the spin polarization of the
medium caused by the B-field is interpreted as an in-medium
electromagnetic vertex function. A significant body of litera-
ture has studied this point to determine the dispersion law of
active neutrinos and antineutrinos, but usually not with an eye
for helicity evolution [19–31]. We here take the opposite ap-
proach and interpret even the normal B-field as yet another
helicity-changing refractive medium and not in terms of in-
trinsic dipole moments.
The purpose of our short review is to look at neutrino helic-
ity flipping by a background medium (B-field, unpolarized
medium with currents, polarized medium) from a common
perspective and to provide explicit expressions for different
cases, considering both Dirac and Majorana neutrinos with
equal or different masses and considering a medium with a
large matter-antimatter asymmetry as well as one which is
matter-antimatter symmetric. Most of these results can be
found scattered in the literature, but we hope to provide a use-
ful clarification by unifying them from a common perspective.
We begin in Sec. II with general aspects of neutrino disper-
sion and discuss how anisotropic media lead to helicity con-
version when neutrinos have Dirac or Majorana masses. In
Sec. III we turn specifically to a B-field and show that the
general formulas coincide with the usual description in terms
of dipole moments. In Sec. IV we consider an electron gas po-
larized by a B-field and compare with the B-field-only case.
We conclude in Sec. V.
II. HELICITY CONVERSION
In this section we study generic aspects of neutrino disper-
sion and helicity evolution in homogeneous and static media
or B-fields on the level of refraction (forward scattering). Of
course, in this setup a nontrivial evolution arises only if the
initial state does not coincide with one of the in-medium prop-
agation eigenstates.
A. Neutrino dispersion
The medium causes a shift of the neutrino self-energy Σ
by a background-induced term Σb. In the Dirac equation in
Fourier space, it appears in the form
(/k −m− Σb)ψ = 0 , (1)
where k is the neutrino four-momentum, /k = kµγµ, and m
the neutrino mass. Generally Σb has a nontrivial Dirac struc-
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2ture and depends on k besides medium properties. Nontrivial
solutions require det (/k −m− Σb) = 0, equivalent to asking
for the poles of the propagator. This condition determines the
dispersion relation of the propagation eigenstates in the given
background medium.
The neutrino self-energy is the “blob” (the truncated matrix
element) in Fig. 1. In unitary gauge to one-loop order and ig-
noring background neutrinos, Σb is given by the tadpole and
bubble graphs of Fig. 2 which must involve the chirality pro-
jections1 R = 12 (1 + γ5) and L =
1
2 (1− γ5), where neutrino
lines are attached. The only Dirac structure surviving the chi-
rality projections is γµ or γµγ5, the latter contributing a neg-
ative sign that is absorbed in the common coefficient. There-
fore, on one-loop level we arrive at the most general form
Σb = −R
(
a/k + /b
)
L , (2)
where a is a dimensionless coefficient. The overall sign fol-
lows the convention of Ref. [41]. The four-vector b of dimen-
sion energy depends on the background currents and fields. It
may also involve k, except for a term proportional to k which
we have explicitly separated.
For massless neutrinos, the dispersion of active and sterile
components is independent. The sterile components, if they
exist, are unaffected by the medium. For the active compo-
nents, the coefficient a modifies /k → (1 + a)/k in the Dirac
equation and one finds2
k0 +
b0
1 + a
= ±
∣∣∣∣k + b1 + a
∣∣∣∣ . (3)
Henceforth we will neglect a  1 because perturbatively it
will contribute only higher-order corrections.
This result is not as simple as it looks because b can de-
pend on k. However, in the ultra-relativistic limit, where dis-
persion effects are small, we can use the unperturbed k to
express b. Even then we must worry about the sign of k0,
where negative-energy solutions of the Dirac equation repre-
sent positive-energy antiparticles with opposite momentum.
Henceforth we will write the dispersion relation for positive
energies for both neutrinos and antineutrinos. After expand-
ing to linear order in b we arrive at
k0 = |k| − (b0 − b‖)×
{
1 for ν,
ηb for ν¯,
(4)
where b‖ ≡ kˆ · b and kˆ is a unit vector in the direction of k.
The component b⊥ transverse to the neutrino momentum does
not affect neutrino dispersion in linear approximation.
1 In the Russian literature, γ5 is defined with opposite sign and thus appears
in the definitions of R and L with opposite sign.
2 We use the metric (+,−,−,−) so that J0 and J0 of a four-vector J are
the same. For typographical simplicity we usually write J0 for the time-
like component. In an expression like J = (J0,J) the three-vector J
refers to the contravariant space-like components, i.e., to Ji with i = 1, 2
or 3. The Lorentz invariant product of two four-vectors is IJ = IµJµ =
I0J0 − I · J .
ν νΣb
Figure 1. Neutrino self-energy graph in a background medium or
electromagnetic field.
ν ν
`
W
`
νν
Z
Figure 2. One-loop neutrino self-energy (unitary gauge) in a medium
or B-field. Top: Tadpole graph. Bottom: Charged-current bubble
graph. Double lines are dressed propagators, i.e., they include real
particles of the medium and real or virtual states in theB-field. In our
physical situations of interest, W and Z bosons are always virtual.
We ignore background neutrinos, otherwise a Z bubble would also
appear. The absence of background neutrinos renders the evolution
equations linear and we can study each momentum mode separately.
The parameter ηb = ±1 in Eq. (4) had to be introduced as a
price for interpreting antineutrinos as positive-energy states.
In particular, ηb = −1 when b does not depend on k and
therefore the dispersion effect has opposite sign for ν¯. This is
the case for an ordinary medium with large matter-antimatter
asymmetry. On the other hand, ηb = +1 when the dispersion
effect does not change sign. Typical examples are a matter-
antimatter symmetric medium or a B-field in vacuum.
Generally there are contributions to b from different types
of background, e.g., a medium of different components and a
B-field. Because Eq. (4) for the ultra-relativistic limit is linear
in b we can consider each component separately.
B. Helicity evolution
Neutrinos have small masses so that the ultrarelativistic dis-
persion relation in vacuum is k0 = |k| + m2/2|k|. Together
with flavor mixing, it leads to the usual flavor conversion ef-
fects. In addition, if b has a nonvanishing component trans-
verse to k, transitions between states of opposite helicity oc-
cur to linear order in the masses. Moreover, the background
effect is diagonal in the weak-interaction basis which is very
different from the mass basis. Therefore, spin-flavor transi-
tions are also possible.
3νi,+ νj,−Σb
mi
Σb
mj
νi,− νj,+
Figure 3. Spin-flip amplitudes between Dirac neutrinos with masses
mi andmj . The amplitude is proportional to the mass of the “wrong-
helicity” state attached to the blob which represents the in-medium
self-energy of left-handed neutrinos.
To understand helicity conversion qualitatively, we use the
mass basis and denote the eigenstates with i or j. Without
calculation we glean from Fig. 3 how the masses enter when
we are in the ultrarelativistic limit. For Dirac neutrinos, which
possess four degrees of freedom just like the charged leptons,
only the l.h. neutrino components communicate with the self-
energy blob, so it is the mass of the “wrong-helicity” (sterile)
Dirac state which intervenes to connect to Σb. In particular,
the amplitude for νi,+ → νj,− is proportional tomi, while for
νi,− → νj,+ it is proportional to mj . If the two masses are
identical, the amplitude is proportional to m = mi = mj and
therefore the same for both cases.
To calculate the helicity-flipping amplitude it is easiest to
begin with the exact spinors describing massive neutrinos in
vacuum [17]. A Dirac neutrino with mass mi, momentum k,
and helicity h = ±1 is described by a spinor ui,h(k). The
forward-scattering effect of the medium is encoded in the en-
ergy shifts represented by Σb. In the basis of free massive neu-
trinos, as opposed to the in-medium propagation eigenstates
considered earlier, the shift of the neutrino Hamiltonian is
Hννij,sh = u¯i,sΣbuj,h , (5)
where the spinors are taken at momentum k and we use the
same normalization u†i,hui,h = 1 as adopted in Refs. [17, 18].
A similar construction applies to antineutrinos with Hν¯ν¯ij,sh
using v-spinors [18]. The self-energy has the simple form
Eq. (2). As explained earlier, to lowest order we can restrict
ourselves to the b term, so that
Hννij,sh = −(u¯i,sR)/b(Luj,h) . (6)
In agreement with our qualitative arguments presented earlier,
Luj,+ ∝ mj and u¯i,+R ∝ mi, so that Hij,−+ ∝ mj and
Hij,+− ∝ mi.
Dispersion based on interaction with a medium is diago-
nal in the weak-interaction basis and we denote with b` the
contribution related to the charged lepton `, see Fig. 2. For
the transition between mass states i and j, the relevant back-
ground charged current is therefore
bµij =
∑
`=e,µ,τ
U†i` b
µ
` U`j , (7)
where U is the unitary leptonic mixing matrix. Neutral-cur-
rent interactions are diagonal in both the flavor and mass basis
νi,+ νj,−Σb
mi
Σb
mj
ν¯i,+ ν¯j,−
Figure 4. Spin-flip amplitudes between Majorana neutrinos with
masses mi and mj . The positive-helicity state can be interpreted as
a “wrong-helicity” neutrino or as a “correct-helicity” antineutrino.
Both amplitudes contribute with an important relative phase.
because of unitarity of the neutrino mixing matrix,
∑
`=e,µ,τ
U†i` U`j = δij , (8)
and therefore do not contribute to flavor or spin-flavor transi-
tions. If neutrino-neutrino interactions are neglected then the
different momentum modes decouple. Without loss of gen-
erality we may then choose a coordinate system such that
for each mode the neutrino momentum is in the z-direction,
whereas the background current lies in the x–z–plane. We ar-
range the elements of the matrix Hννij,sh in such a way that the
equation of motion can be cast in the form [18]
i∂t
( −
i
+
i
)
=
 −− ij −+ ij
+−
ij
++
ij
( − j
+
j
)
, (9)
where each box denoted by helicities ± is either a column or
a 3 × 3 matrix in flavor space. For Dirac neutrinos we then
find to linear order in neutrino masses [18]
Hννij,sh = −
b0ij − b
‖
ij b
⊥
ij
mj
2|k|
b⊥ij
mi
2|k| 0
 . (10)
Indeed, the masses on the off-diagonals are the ones associ-
ated with the “wrong” (positive) helicity Dirac neutrino. For
Dirac antineutrinos, a similar expression pertains for which
we find [18]
Hν¯ν¯ij,sh = ηb
 0 b⊥ij
mi
2|k|
b⊥ij
mj
2|k| −(b
0
ij − b‖ij)
 . (11)
Now the negative helicity is the sterile one and the masses
appear accordingly. Notice also that the nonzero diagonal ele-
ments of Eqs. (10) and (11) match the energy shifts in Eq. (4),
as anticipated from invariance of the eigenvalues with respect
to the choice of basis.
4Majorana neutrinos have only two degrees of freedom and
no helicity is wrong—both of them are active states, essen-
tially ν and ν¯. Therefore, the amplitude for νi,+ → νj,−
involves both graphs in Fig. 4. For equal masses m = mi =
mj , the amplitude is proportional tom−ηbm. If the refractive
effect changes sign for ν¯ as in an ordinary medium (ηb = −1),
a suitable anisotropy engenders helicity conversions. In the
opposite case where ηb = +1 there is no helicity evolution.
Typical examples are a CP-symmetric plasma or a B-field in
vacuum, corresponding to the absence of a magnetic dipole
moment for a Majorana neutrino. For unequal masses mi and
mj , the amplitude is proportional to mi − ηbeiαmj , where α
is a relative phase which depends on the neutrino mixing ma-
trix. Typically both Dirac and Majorana neutrinos show spin-
flavor oscillations in any type of anisotropic medium, and in
particular, both have transition dipole moments engendered by
masses and flavor mixing.
To render these qualitative arguments more quantitative, we
recall that for Majorana particles ν¯ = νTC, where C is the
operator of charge conjugation. If the mean-field Hamiltonian
on the level of the current-current approximation contains a
term
∑
ij ν¯iR/bijLνj , it can be identically rewritten as∑
ij
ν¯iR/bijLνj = −
∑
ij
ν¯iL/bjiRνj . (12)
In the language of Dirac neutrinos, the R/bL structure projects
out the neutrino contributions, whereas L/bR projects out the
antineutrino contributions. Therefore, for Majorana neutrinos
the resulting mean-field Hamiltonian can be expressed as a
difference of the Dirac neutrino and antineutrino Hamiltoni-
ans in the form
HMij,sh = −

b0ij − b‖ij
b⊥ijmj − ηbb⊥jimi
2|k|
mib
⊥
ij − ηbmjb⊥ji
2|k| ηb
(
b0ji − b‖ji
)
 . (13)
As expected, the diagonal elements again match the energy
shifts of the active neutrino and antineutrino respectively.
We emphasize again that these results apply to any kind of
background medium. The Dirac vs. Majorana question is the
same in all cases.
C. Unpolarized medium
To illustrate these points let us consider the case of an or-
dinary medium consisting of electrons, protons and neutrons,
that has been studied in detail in Refs. [17, 18]. Neutrino dis-
persion is given, at low energies, by the usual currrent-current
interaction. For a given background species, it leads to the
dispersion effect
bµ = −
√
2GF
(
CVJ
µ
V − CAJµA
)
, (14)
whereCV andCA are vector and axial-vector couplings which
depend on the background species and the flavor of the test
neutrino. The mean-field currents of the background fermions
(field ψ) are JµV = 〈ψγµψ〉 and JµA = 〈ψγµγ5ψ〉.
In the remainder of this subsection we consider an unpoli-
razed medium, JA = 0. If it is isotropic in its rest frame
(JV = 0) dispersion is given in terms of the usual weak po-
tential
V =
∑
e,p,n
CVJ
0
V =
√
2GF×
{
(Ne −Ne¯)− 12Nn for νe,
− 12Nn for νµ,τ ,
(15)
where Ne, Ne¯ and Nn are the electron, positron and neutron
number densities. As usual, the neutral-current proton and
electron vector contributions cancel in a neutral medium. For
antineutrinos as test particles, the potential changes sign so
that ηb = −1.
In the laboratory frame, the medium may flow with a ve-
locity β so that b = −V (1,β). Considering a single neutrino
generation with mass m we find for Dirac neutrinos, antineu-
trinos, and Majorana neutrinos,
i∂t
(
ν−
ν+
)
= V
 1− β‖ β⊥
m
2|k|
β⊥
m
2|k| 0
(ν−
ν+
)
, (16a)
i∂t
(
ν¯−
ν¯+
)
= V
 0 β⊥
m
2|k|
β⊥
m
2|k| −(1− β‖)
(ν¯−
ν¯+
)
, (16b)
i∂t
(
ν
ν¯
)
= V
1− β‖ β⊥
m
|k|
β⊥
m
|k| −(1− β‖)
(ν
ν¯
)
. (16c)
Note that the transverse current of an ordinary medium en-
genders a nontrivial helicity evolution even for Majorana neu-
trinos. Spin-flavor oscillations are given by similar equations
with the more complicated flavor structure of Eqs. (10)–(13).
Whereas at low energies neutrinos interact with the mean
field of an ordinary medium in the usual form of a current-
current Hamiltonian, the medium of the early universe is
nearly matter-antimatter symmetric and the current-current re-
fractive effect vanishes. Refractive effects are still engendered
by the nonlocal structure of the interaction, i.e., at higher order
in inverse gauge boson masses. If the medium is isotropic, the
contribution of electrons and positrons to νe dispersion, see
Eqs. (4), (10) and (11), is [42]
b0 =
8
√
2GFk0
3m2W
(〈Ee〉Ne + 〈Ee¯〉Ne¯) . (17)
Here, Ee is the energy of background electrons, and Ee¯ of
positrons. In this example, b0 is proportional to the neutrino
energy k0 so that the dispersion effect is the same for νe and
ν¯e, in our convention meaning that ηb = +1.
5III. MAGNETIC FIELD
As another specific case we now turn to neutrinos propagat-
ing in a B-field in vacuum. Usually this situation is described
in terms of neutrino dipole moments induced by their masses,
but we should be able to obtain the same results if we think
of the B-field as a background medium affecting neutrinos in
analogous ways as a general anisotropic medium.
A. Background current
The relevant self-energy graph at one-loop order in unitary
gauge is shown in Fig. 2 (bottom). The double lines stand for
the dressed propagator of the virtual particles in the external
B-field. To linear order in B and for a given charged lepton `
in the loop and neutrino four-momentum k one finds [2, 3, 6]
bµ` =
6e
√
2GF
(4pi)2
f(r`) kαF˜
αµ , (18)
where F˜µν = 12
µναβFαβ is the dual electromagnetic field-
strength tensor which in the laboratory frame is assumed to be
a pureB-field. In this frame, the Lorentz structure is explicitly
kαF˜
αµ = −(B · k, k0B) . (19)
The charged-lepton dependent factor depends on the mass ra-
tio r` = (m`/mW )2 in terms of the function
f(r) =
2− 5r + r2
2 (1− r)2 −
r2 ln r
(1− r)3 = 1−
r
2
+O(r2) . (20)
For all charged leptons, r`  1 so that we may always use the
lowest nontrivial expansion in r`. Therefore, overall we find
b` = −6e
√
2GF
(4pi)2
(
1− r`
2
)
(k ·B, k0B) , (21)
which indeed has the dimension of energy.
B. Helicity flip
The components of bµ include b0 ∝ |k|B‖, b‖ ∝ k0B‖,
and b⊥ ∝ k0B⊥. In the Hamiltonian matrices Eqs. (10)–(13),
the refractive effect on the diagonal is always proportional to
b0 − b‖ which is now proportional to (|k| − k0)B‖ and thus
of order (m2/2E)B‖. Therefore, to linear order in neutrino
masses, B-fields in vacuum do not produce a refractive effect
for neutrinos moving parallel toB.
To obtain the helicity-changing elements for equal masses
m = mi = mj we observe that b is proportional to k, im-
plying that the refractive effect is the same for ν and ν¯ and
hence ηb = +1. Therefore, Majorana neutrinos do not suffer
helicity evolution. For Dirac neutrinos, on the other hand,
Hννii,+− =
3e
√
2GF
(4pi)2
miB⊥ (22)
where the multiplier of B⊥ is recognized as the usual mag-
netic dipole moment for massive Dirac neutrinos. Notice that
E in the denominator of m/2E has canceled against k0 in
b⊥, so indeed the helicity-flip element does not depend on the
neutrino energy.
For transitions between different mass eigenstates, the term
which is independent of the charged fermion drops out be-
cause of the unitarity of the neutrino mixing matrix shown in
Eq. (8). Therefore, the first nonvanishing contribution comes
from the second term in the expansion Eq. (20). With
Fij = −1
2
∑
`=e,µτ
U†i`
(
m`
mW
)2
U`j , (23)
we thus find for Dirac neutrinos
Hννij,+− =
3e
√
2GF
(4pi)2
mi FijB⊥ . (24)
For the opposite helicity flip, instigated by Hννij,−+, we get the
other mass mj , i.e., of the participating sterile Dirac compo-
nent. For Majorana neutrinos, the corresponding element is
HMij,+− =
3e
√
2GF
(4pi)2
(miFij −mjFji)B⊥ . (25)
As anticipated earlier, the amplitudes of νi ↔ ν¯j and ν¯i ↔ νj
are proportional to the two participating masses added with
a relative phase which depends on the details of the complex
Majorana mixing matrix. Note also that the flavor-diagonal
diagonal elements of Eq. (25) automatically vanish.
C. Dipole moments
We have formulated the impact of a B-field in vacuum on
neutrino propagation in the same way as general neutrino dis-
persion in a medium. Usually, however, the same physics is
described in terms of intrinsic neutrino dipole moments which
lead to spin precession in external fields. To make contact
with this more common language, we notice that the Lorentz
structure kαF˜µα for the B-field background current given in
Eq. (18) leads to the structure kαF˜µαγµL for the self-energy.
Using common identities for Dirac matrices we can rewrite
the latter as
kαF˜
µαγµL =− 18 (/kσµν + σµν/k)Fµν
+ 18 (/kγ
5σµν − γ5σµν/k)Fµν . (26)
Sandwiching the rhs. of Eq. (26) between u¯i,s and uj,h and
using the unperturbed Dirac equation on one of the external
neutrinos, one obtains the equivalent structure
− 18 [(mi +mj)σµνFµν + (mj −mi)γ5σµν ]Fµν . (27)
6Comparing this with the traditional dipole Lagrangian,
L = − 12 ψ¯i (µijσµν + iijγ5σµν)ψj Fµν , (28)
we can immediately read off the usual flavor structure of the
magnetic and electric dipole moments of Dirac neutrinos [3],
µij
iij
}
=
mj ±mi
2
3e
√
2GF
(4pi)2
(δij + Fij) , (29)
where the lower sign refers to ij . Fij was defined in Eq. (23)
in terms of the lepton mixing matrix.
Turning this argument around, in the ultrarelativistic limit
the γ5 term in Eq. (28) simply contributes a sign, depending
on the helicity of the initial neutrino. Therefore, the spin pre-
cession engendered by B⊥ corresponds to an effective transi-
tion moment of the form µeff,ij = µij ± iij . With Eq. (29),
this amounts to
µeff,ij =
(
mj +mi
2
± mj −mi
2
)
3e
√
2GF
(4pi)2
Fij . (30)
The signs of the masses in the magnetic and electric dipole
moments work out such that the amplitude is proportional to
the mass of the “wrong-helicity” neutrino participating in the
spin-flavor process in agreement with our earlier discussion.
In the diagonal case (i = j), the coefficients µ = µii and
 = ii are the usual magnetic and electric dipole moments.
Note that the latter automatically vanishes in the one-loop ap-
proximation. In the neutrino rest frame, the nonrelativistic re-
duction corresponds to a Hamiltonian describing a two-level
system in the form −(µB + E) · σ, where σ is a vector
of Pauli matrices. If the neutrino spin is not aligned with the
respective electromagnetic field, it precesses around the field
direction with frequency 2µB or 2E, respectively.
We now take the neutrino to be ultrarelativistic in the labo-
ratory frame where only a B-field exists. One can easily de-
rive the neutrino spin evolution by a Lorentz transformation
to the rest frame, where both a magnetic and electric field ap-
pear, and then back to the laboratory frame. The well-known
answer is that the longitudinal componentB‖ contributes with
a strength reduced by a factor of order m/E caused by the
Lorentz transformations and can be neglected. The transverse
componentB⊥ leads to spin precession with an effective mag-
netic moment µeff = µ+ i.
In particular, this result means that the neutrino electric
dipole moment leads to a spin precession of ultrarelativistic
neutrino in a background magnetic field as first noted by Okun
[43]. Assuming the neutrino starts as a helicity eigenstate, the
magnetic moment leads to a precession in the plane perpen-
dicular toB⊥. The electric dipole moment, on the other hand,
leads to a precession in the plane spanned byB⊥ and the neu-
trino velocity v. In other words, the precession is around the
direction B⊥ × v which is the electric field direction seen by
the neutrino in its rest frame. So for ultrarelativistic neutrinos,
the real part of µeff leads to a “magnetic” precession around
B⊥, the imaginary part to an “electric” one around the direc-
tion ofB⊥ × v.
For Majorana neutrinos, the diagonal dipole moments van-
ish, whereas the transition moments are [3]
µij = (mi +mj)
3e
√
2GF
(4pi)2
i ImFij , (31a)
iij = (mj −mi)3e
√
2GF
(4pi)2
ReFij . (31b)
Notice that Fij is, strictly speaking, different from the Dirac
case because the leptonic mixing matrix for Majorana neutri-
nos involves two additional Majorana phases beyond the Dirac
phase. In general, Fij has both a real and an imaginary part.
Therefore, the spin precession will involve both the magnetic
and electric type in the sense explained earlier.
Overall, for both Dirac and Majorana neutrinos, the spin-
flavor transition νi+ ↔ νj− is proportional to mi whereas
νi− ↔ νj+ is proportional to mj , i.e., they are different in
contrast to what is usually written in the literature on spin-
flavor oscillations. The reason is that spin-flavor transitions of
ultarelativistic neutrinos are governed by an effective transi-
tion moment of the form µij ± iij , and the electric transition
moment is frequently ignored in the literature.
In summary, the usual description in terms of dipole mo-
ments leads to the same spin-flavor oscillation effects as found
in our earlier discussion in terms of a general background.
D. StrongB-field
The discussion so far was limited to the weak-field case
where only the linear response to the applied B-field was
considered and the effect can be lumped into a set of intrin-
sic neutrino magnetic and electric dipole and transition mo-
ments. However, if the B-field becomes very large, one needs
to go beyond linear approximation in the dressed propagators
of charged particles in Fig. 2.
Calculations of the neutrino self-energy under the influence
of an external electromagnetic field beyond linear approxima-
tion have a long history [6, 31–40]. The probably most com-
prehensive study is Ref. [6]. The linear B-regime is appro-
priate for eB < m2W , i.e., below the W -critical field strength
of BW = m2W /e = 1.09 × 1024 G. Effects quadratic in B
include a modification of the dipole moments and the appear-
ance of an energy shift for massless neutrinos.
E. Gauge invariance
We have taken the attitude that the origin of neutrino masses
and neutrino interactions are unrelated and that the mecha-
nism which provides a Dirac or Majorana mass acts only on
the external legs of the self-energy graph in Fig. 2. In the
classic calculation of neutrino dipole moments by Shrock [3],
the author uses unitary gauge and argues that physical re-
sults must be gauge invariant so that we can use any gauge
that is convenient. The other classic calculation by Pal and
Wolfenstein [2] was performed in ’t Hooft–Feynman gauge,
7Figure 5. Contribution of the charged Higgs (in unitary gauge it
becomes the longitudinal degree of freedom of the W -boson) to the
neutrino self-energy.
where the unphysical charged scalar couples to the neutrino
and charged lepton, see Fig. 5.
For Dirac neutrinos and assuming their masses arise from
ordinary Yukawa couplings, gauge invariance of the magnetic
dipole moment was explicitly demonstrated in Ref. [6] using
the generalRξ gauge. In this gauge, the neutrino mass appears
on the level of an interaction vertex [6],
L = − g√
2MW
[
(ν¯iU
†
i`Ki``)Φ
∗ + h.c.
]
, (32)
where Ki` = m`R − mDi L with m` the Dirac mass of the
charged lepton `. Moreover, mDi is the Dirac mass term for
neutrino i, which coincides with the physical neutrino mass,
mDi = mi, if the Higgs interaction is the only contribution.
To linear order in mi the resulting contribution to the self-
energy is proportional to miL + mjR. Sandwiching it be-
tween u¯i,s and uj,h we find again that, to leading order in
neutrino masses, the transition amplitude νi,− → νj,+ is pro-
portional to mj , and the transition amplitude νi,+ → νj,− is
proportional to mi. Thus, the neutrino Dirac mass is associ-
ated with the external neutrino line of the “wrong” helicity.
In other words, the flavor structure of the transition amplitude
produced by the diagram in Fig. 5 matches the one following
from Fig. 2, which is a prerequisite for the gauge invariance
of the total transition amplitude.
The propagators of the gauge and charged Higgs bosons
depend on the gauge parameter ξ, where the limit ξ → ∞
corresponds to unitary gauge, whereas ξ = 1 corresponds
to ’t Hooft–Feynman gauge. The leading contribution to
the self-energy, proportional to GF, is independent of the
gauge choice. The next-to-leading contribution, proportional
to GF/M2W , is given by a sum of terms, each of which is
gauge dependent. However, the gauge-dependent terms can-
cel out in the sum and the resulting contribution to the self-
energy is gauge independent as well [6].
To perform an explicit calculation for Majorana neutrinos
in an Rξ gauge one needs a concrete model. Pal and Wolfen-
stein [2] specifically used a type-II see-saw model involving a
Higgs triplet. In the see-saw type-I scenario, there are no ad-
ditional Higgs fields, but the right-handed neutrino acquires a
large Majorana mass term MM. Diagonalizing the full mass
matrix one finds that light states acquire masses of the order
of m ∼ m2D/MM, while the heavy states get masses of the
order of MM. For the light mass eigenstates the Lagrangian
has a form identical to the one in Eq. (32), except that the
Dirac mass term mDi in Ki` is replaced by the physical neu-
trino massmi and that the 3×3 matrix U is no longer unitary,
but is a submatrix of the 6 × 6 unitary mixing matrix. This
implies, in particular, that the proof of the gauge invariance of
the transition amplitude in the type-I see-saw scenario reduces
to that for Dirac neutrinos.
IV. POLARIZED MEDIA
Our initial interest was triggered by the observation that a
medium polarized by the B-field leads to helicity oscillations
in addition to those caused directly by theB-field. One crucial
insight is that particles and antiparticles with spins pointing
in the same direction have the same, not opposite, refractive
effect. However, they have opposite opposite magnetic mo-
ments. Therefore, an ambient B-field polarizes them in oppo-
site directions and the particle and antiparticle contributions
to the induced spin polarization subtract.
From Lorentz covariance considerations one expects theB-
field induced axial-current contribution to the four-vector bµ
in the self-energy Eq. (2) to have the structure uαF˜αµ, where
u is the four velocity of the medium [23]. In the remainder
of this section we assume to have a pure B-field in the rest
frame of the medium, so the structure is b ∝ (0,B). This
expression is to be compared with the B-field term in vacuum
given in Eq. (19) where the role of u is played by the neutrino
four momentum k. While both terms are linear in B, their
different structure explains their opposite sign change when
the test particle is switched to an antineutrino, as well as their
very different energy dependence.
We now discuss two examples which illustrate these gen-
eral points, i.e., an electron gas and a particle-antiparticle
symmetric medium.
A. Electron gas
The neutron and proton magnetic dipole moments are much
smaller than those of electrons, so typically the polarization
effect is dominated by the electrons and positrons [26] on
which we focus. The electron spin-polarization contribution
to neutrino refraction is given by Eq. (14). If the axial cur-
rent represents the spin-polarization induced byB it has only
a spatial part JA ∝ B and the four-vector contributing to the
self-energy in Eq. (2) has the form b = (0, b) with
b = CA
√
2GF JA . (33)
In a bath of electrons and for νe as test particles, CA = 1/2,
whereas for νµ and ντ it is −1/2. For antineutrinos as test
particles, the signs reverse.
Probably the most complete derivation of the induced JA
was provided in Ref. [26] which we have independently veri-
fied. In an external B-field, the electrons and positrons reside
in Landau levels. Ignoring radiative corrections to the elec-
tron magnetic moment, adjacent Landau levels with opposite
spin are degenerate and thus cancel in the expression for the
polarization. Overall only the lowest Landau level contributes
which corresponds to electrons or positrons moving along the
8B-field direction. One therefore finds
JA =
eB
2pi2
+∞∫
−∞
dp
(
1
e(E−µe)/T + 1
− 1
e(E+µe)/T + 1
)
,
(34)
where e ≈ 0.3028 . . . is the unit electric charge, p the electron
or positron momentum along B, T the temperature, µe the
electron chemical potential, and E =
√
m2e + p
2 the energy
of the lowest Landau level which is independent of B. The
first term in Eq. (34) is for electrons, the second with reversed
sign and reversed chemical potential for positrons.
In the limit of vanishing chemical potential (matter-antima-
tter symmetric plasma), JA vanishes as anticipated earlier. In
the opposite limit of a highly degenerate electron gas (vanish-
ing temperature) one finds
JA =
eB
pi2
√
µ2e −m2e . (35)
These results apply to any field strength because only the low-
est Landau level contributes where the electrons move par-
allel to the B-field, but the B-field influences the relation-
ship between µe and electron density. In particular, in the
weak-field limit, we have pF =
√
µ2e −m2e with pF the elec-
tron Fermi momentum corresponding to the electron density
ne = p
3
F/3pi
2. In this case, the induced energy shift for νe is
given by [19, 26]
Hννii,−− = −
e
√
2GFpF
2pi2
B‖ , (36)
For ν¯e the overall sign of the refractive terms reverses. For the
other flavors, the sign is opposite to the νe case.
For Dirac neutrinos, the spin-flip energy, i.e., the off-diago-
nal element in Eq. (10) is given by
Hννii,+− = −
e
√
2GFpF
2pi2
mi
2E
B⊥|Uei|2 , (37)
to be compared with the expression following from the usual
Dirac dipole moment in Eq. (22). Therefore, the B-field in-
duced spin-flip energy mediated by the degenerate electron
gas is−|Uei|24pF/3Eν times that given by the vacuum dipole
moment. In an astrophysical setting, for example in a super-
nova core, typical neutrino energies are not much smaller than
a typical electron Fermi energy. Therefore, the two contribu-
tions tend to be of similar magnitude.
For Majorana neutrinos, the electron-induced spin-flip en-
ergy is twice that of the Dirac case. It is the only contribution
because the intrinsic Majorana dipole moment vanishes. No-
tice that for Majorana neutrinos, the spin-flip energy is pro-
portional to mi+ηbmi and for the spin-polarization contribu-
tion ηb = +1, whereas for a B-field in vacuum ηb = −1 as
discussed earlier. The general transformation properties of in-
medium neutrino electromagnetic vertices were first studied
in Ref. [22]. It was noted that a Majorana neutrino can have a
nonvanishing effective electromagnetic vertex in a medium if
the latter is not symmetric between particles and antiparticles.
B. Symmetric medium
A matter-antimatter symmetric medium does not cause neu-
trino dispersion in the framework of the low-energy current-
current interaction. In particular, there is no B-field induced
spin polarization as explained earlier [19, 24–26]. More-
over, there can not be an effective Majorana dipole moment,
whereas for the Dirac case there is no objection from the gen-
eral transformation properties [22]. In other words, in such a
medium one has similar restrictions as in vacuum which can
be seen as a CPT symmetric “medium” of virtual particles.
However, in a CPT symmetric medium of real particles,
approximately realized in the early universe, neutrinos suf-
fer non-vanishing refraction [42]. In the low-energy limit,
it arises from an expansion of the gauge-boson propagator,
i.e., one needs to go beyond the local four-fermion interaction
model. The contribution of electrons and positrons was given
in Eq. (17). The modified dispersion relation is the same for
neutrinos and antineutrinos.
In addition one may include a B-field which affects the
electrons and positrons. In the limit me  T  mW and
B  T 2 one finds for the e−e+ contribution to νe dispersion
[25, 27, 31]3
bµ = −e
√
2GFT
2
6m2W
(k ·B,−k0B) . (38)
It has a very similar structure to the effect of a B-field in vac-
uum of Eq. (21), except for a sign change of the spatial part. In
vacuum, the time-like and longitudinal space-like parts nearly
cancel so that b0 − b‖ = O(m2/E2), i.e., in vacuum a B-
field does not cause dispersion even for active neutrinos. In
the present case, on the other hand, b0 and b‖ add up so that
for both νe and ν¯e
Hννii,−− =
e
√
2GFT
2
3m2W
k ·B . (39)
In addition, helicity conversion by neutrino masses occurs in
the now-familiar way, observing that ηb = +1.
V. CONCLUSIONS
It was recently recognized that a material medium which is
not isotropic in the laboratory frame instigates neutrino spin
and spin-flavor transitions caused by nonvanishing neutrino
masses. It was known for a long time that analogous effects
arise from a B-field due to neutrino dipole and transition mo-
ments, which in the simplest case result from neutrino masses
and their flavor mixing.
We have discussed these effects from the common perspec-
tive of neutrino dispersion in a mean-field background, which
could be a material medium, a B-field, or both. If neutrinos,
3 Notice that in Ref. [27] the metric (−,+,+,+) is used.
9be they Dirac or Majorana particles, have only l.h. interactions
(except for their masses), the one-loop self-energy has a very
simple form where for ultrarelativistic neutrinos all dispersion
effects are encoded in a single four-vector which we called b.
It is the spatial part b which causes spin or spin-flavor con-
version if it has a nonvanishing component b⊥ transverse to
the neutrino direction of motion. The dependence on neutrino
masses and mixing parameters for all cases follows from the
same structure.
Dirac neutrinos suffer helicity conversion, which for them
is simultaneously active-sterile conversion, for all types of
anisotropic backgrounds. On the other hand, Majorana neu-
trinos suffer helicity conversion, which for them is simultane-
ously neutrino-antineutrino conversion, only if b changes sign
when we switch from a test ν to a ν¯, which is the case for an
ordinary background medium. It is not true in a B-field, in a
matter-antimatter symmetric medium, or both. It is notewor-
thy that, while the helicity of a single Majorana neutrino is not
flipped by a B-field directly, it is flipped by a normal medium
polarized by the B-field. Spin-flavor transitions arise for all
types of anisotropic backgrounds for both Dirac and Majorana
neutrinos. The relative behavior of Dirac and Majorana neu-
trinos is analogous to the well-known structure of their dipole
and transition moments.
Neutrino masses are extremely small. We do not know of
a realistic astrophysical or cosmological setting where the he-
licity evolution of ordinary neutrinos would lead to observable
consequences unless the dipole or transition moments exceed
those implied by the masses. We still think that our perspec-
tive on these issues adds some conceptual clarity to the recent
literature on neutrino spin evolution in anisotropic media.
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